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Let A (CP") denote the free loop space of the complex projective space CP", i. e. the func- 
tion space map(5 1 ,CP") of unbased maps from a circle S 1 into CP" topologized with the 
compact open topology. In this note we show that despite the fact that the natural fibration 

£2(CP n ) <— >• A(CP") CP" has a cross section its Serre spectral sequence does not collap- 
se: Here eval is the evaluation map at a base point * G CP". This result was originally proven 
in [1] by means of the Eilenberg-Moore spectral sequence as well as in [2] by using Sulli- 
van's theory of minimal models. Moreover it can be concluded from [3] even though it is not 
explicitely stated there: These results were obtained by using the energy function as a Morse 
function and computing the homology by determing the infinte dimensional submanifolds of 
the free loop space given as the critical points of the Morse function. Here we only make use 
of an elementary computation with the Serre spectral sequence. 

This work is part of the author's diploma thesis at the Georg-August-Universitat Gottingen 
under the supervision of Prof. Dr. Thomas Schick. I would like to thank the Professors Fred 
Cohen, Paul Goerss, Ran Levi and Larry Smith for kind advice and enriching discussion on 
the topic. 

Let us begin with the observation that Q(CP") ~ S 1 x Q.(S 2n+l ) . To see this, consider the prin- 
cipal fibration S 1 <— > S + — > CP" given by the Hopf map, with classifying map CP" <— > CP 00 , 
and loop it. We obtain a principal fibration (up to homotopy) Q.(S 2n+l ) <— > Q(CP") — > S . Re- 
call that 7li(^(CP")) = Z = Ki(CP°°) which implies the existence of a cross section. The 
result follows since a principal fibration with a cross section is trivial. 

Since / = [0, 1] is contractible the inclusion of CP" as the space of constant maps into 
map(/,CP") is a deformation retract. Let eval: map(/,CP") — > CP' 1 x CP" denote the eva- 
luation of a map w : I — > CP" at the two end points 0, 1 € /. This map is a fibration and the 
fibre over the base point (*, *) G CP" x CP" is the usual space of based loops Q.(CP n ) at the 
base point of CP". The restriction of eval to the constant loops, identified with CP" is just 
the diagonal map A : CP" — > CP" x CP". Putting these facts together yields the following 
commutative diagram of fibrations: 
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a(cp n ) A(cp n ) — ^ — - cp h 



exp 



CP n 

Diagram 1 : A Map of Fibrations 



A 



a(CP n ) — -Map(/,CP") — CP' 1 x CP" 



in which — $ is the map between function spaces induced by the exponential map / — > S 1 . 
Examine the Serre spectral sequence {E r 1 d r } with coefficients in Z of the bottom fibration. 

One has E 2 ^ H*(Q(CP n )) ®H*(CP" x CP") = E[u]®T\y] ® ® -§$r and 

( c l ) ( c 2 ) 

E r =>- H*(CP";Z) where E[— ] is the exterior algebra, T[— ] denotes the divided power alge- 
bra, \u\ = 1, \y\ = 2n, | ci j = \c2\ = 2. Let v = c\® \ — \®C2 and w = c\ ® 1 and observe that 
they form a basis for H 2 (CP n x CP"). For the term E 2 one has the following picture: 
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Diagram 2: The Term E 2 



The induced map eval* : H* (CP" x CP") ->■ H* (map(7, CP") ) coincides with the cup product 
A* : H*(CP" x CP") H*(CP n ). Since eval* is induced by the diagonal, we have eval*(v) = 
0, so the element v spans the kernel of this map. The only differential in the spectral sequence 
{E r , d r } whose target could be the element v is the J 2 -differential pictured in Diagram 2. This 
differential satisfies d 2 (y) E E 2 2n -i an d this homogeneous component of E 2 is zero unless 
n = 1. So for n > 1 we can compute the term E 3 as the homology of 

{K, 5} = {E [u] ® {{v _lp™] wn+1) Av) = 0, 8(u) = v} ® r M • 
The result is as pictured in the following diagram: 
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Diagram 3: The Term £ 3 

The element u <g> (c" <8> 1 + c" _1 ® C2 H h 1 <8> cJ[) has odd total degree, and the target of 

the spectral sequence H*(CP n ) has no nonzero elements of odd degree. The only differential 



remaining in the spectral sequence that can annihilate u <g> (c" (8> 1 + c" 



n-l 



)C 2 + ••■ + ! 



is the J 2 " as pictured. It is also the first possible nonzero differential after d 2 , so E 3 = E 2n 

and up to sign we must have d 2n (y) = u <8> (c" <g) 1 + c" _1 <g) C2 H h 1 <S> c'j) ■ The resulting 

g2n+i term j. nen co i nc id es with H*(CP n ) so E + = E°°. This completes the description of 
the spectral sequence {E r ,d r }. 

Consider next the Serre spectral sequence {E r , d r } for the free loop space fibration £2 (CP") <— >• 
A (CP") — > CP' 1 . The E -term is as pictured in the following diagram: 
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Diagram 4: The Term E z 
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This map of fibrations induces a map of Serre spectral sequences {E r ,d r } — > {E r ,d r }. Sin 
ce d 2 (w) = v applying (]) yields the formula d (u) = d (<)>(«)) = <$>(d 2 (u)) = Mv) = 0. So 

—2 2 

<i (y) = and hence for placement reasons one obtains E =••■ 
pictured in the following diagram: 



(K^(«)) = <Kv) 

£ . The resulting term is 
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Diagram 5: The Term E 

Again we can apply our knowledge of the spectral sequence {E r ,d r } and the map (|) of spectral 
sequences to obtain: 

d 2n (y) = d 2n ($(y)) = $(d 2n (y)) = tfu ® (c? ® 1 + c'f 1 ® c 2 + ■ • • + 1 <8> c^)) = w ® (n + 1)*". 
This element being nonzero we have proven the following result: 

Theorem: The free loop space fibration Q.CP" c — >■ A (CP") — > CP" has a cross section and 
for n > 1 its integral Serre spectral sequence does not collapse. 

Remarks: The theorem holds for n=l since CP 1 = S 2 . This can easily be seen by inspecting 
the corresponding Serre spectral sequences. The argument also goes through for coefficients 
in a field of characteristic p as long as p\n + l. Moreover, the theorem holds for every space 

X with H*(X;Q) = ?M and H*(Q(X)',Q)^E[u]®Q\y] where |jc| = 2m,\u\ =2m-l and 

\y\ = 2mk. This includes WP n as well as S 2k and the Cay ley projective plane. Rather little is 
known about the relation between H* (X ) and H* (£2 (X)) . Therefore it is difficult to formulate 
a generalization of our results. 

This theorem appears under a totally different point of view as Lemma 2.14 in [5]. They don't 
generalise to the other globally symmetric spaces of rank 1 . The cohomology of the free loop 
space of a complex projective space is discussed as well in [4]. 
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